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We present a formalism that simultaneously incorporates the effect of quantum tunneling and spin
diffusion on spin Hall magnetoresistance observed in normal metal/ferromagnetic insulator bilayers
(such as Pt/Y3Fe5O12) and normal metal/ferromagnetic metal bilayers (such as Pt/Co), in which
the angle of magnetization influences the magnetoresistance of the normal metal. In the normal
metal side the spin diffusion is known to affect the landscape of the spin accumulation caused by
spin Hall effect and subsequently the magnetoresistance, while on the ferromagnet side the quantum
tunneling effect is detrimental to the interface spin current which also affects the spin accumulation.
The influence of generic material properties such as spin diffusion length, layer thickness, interface
coupling, and insulating gap can be quantified in a unified manner, and experiments that reveal the
quantum feature of the magnetoresistance are suggested.
PACS numbers: 75.76.+j, 75.47.-m, 85.75.-d, 73.40.Gk
I. INTRODUCTION
The electrical control of magnetization dynamics has
been a central issue in the field of spintronics1,2, owing
to its possible applications in magnetic memory devices
with low power consumption. A particularly promis-
ing mechanism for the electrical control is to utilize the
spin Hall effect3–6 (SHE) in a normal metal (NM), such
as Pt or Ta, to convert an electric current into a spin
current, and subsequently to magnetization dynamics
in an adjacent magnet via mechanisms such as spin-
transfer torque7,8 (STT). In reverse, the inverse spin
Hall effect9,10 (ISHE) can convert the spin current gen-
erated by certain means, for instance spin pumping11,12,
into an electric signal. A particularly intriguing phe-
nomenon that involves both SHE and ISHE is the spin
Hall magnetoresistance13–22 (SMR), in which a charge
current in an NM causes a spin accumulation at the edge
of the sample due to SHE, yielding a finite spin current
at the interface to a ferromagnet. Through ISHE, the
spin current gives an electromotive force along the orig-
inal charge current, effectively changing the magnetore-
sistance of the NM.
The two major ingredients that determine SMR are
the spin diffusion25 in the NM and the spin current at
the NM/ferromagnet interface. The spin diffusion part
has been addressed in detail by Chen et al. for the
NM/ferromagnetic insulator (NM/FMI) bilayer, such as
Pt/Y3Fe5O12 (Pt/YIG), and FMI/NM/FMI trilayer
22.
This approach solves the spin diffusion equation in the
presence of SHE and ISHE in a self-consistent manner,
where the spin current at the NM/FMI interface serves
as a boundary condition. However, the interface spin
current remains an external parameter for which exper-
imental or numerical input is needed23,24. On the other
hand, a quantum tunneling formalism has emerged re-
cently as an inexpensive tool to calculate the interface
spin current from various material properties such as
the insulating gap of the FMI and the interface s − d
coupling26. The quantum tunneling theory also success-
fully explains27 the reduced spin pumping spin current
when an additional oxide layer is inserted between NM
and FMI28. It is then of fundamental importance to com-
bine the spin diffusion approach with the quantum tun-
neling formalism for the interface spin current to give a
complete theoretical description of the SMR, in particu-
lar to quantify how various material properties influence
the SMR.
In this article we provide a minimal formalism that
bridges the quantum tunneling formalism to the spin dif-
fusion approach. We focus on the SMR in NM/FMI
bilayer realized in Pt/YIG, and the NM/ferromagnetic
metal (NM/FMM) bilayer realized in Pt/Co and
Ta/Co14. The spin diffusion in the NM is assumed to
be described by the same formalism of Chen et al.22,
whereas the interface spin current is calculated from the
quantum tunneling formalism26,27. In the NM/FMM bi-
layer, we consider an FMM that has long spin diffusion
length and a small thickness, such that the spin diffu-
sion effect is negligible and the spin transport is predom-
inately of quantum origin26. This is presumably ade-
quate for the case of ultrathin Co films29, but not for
materials with very short spin diffusion length such as
permalloy30,31. Within this formalism, the effect of mate-
rial properties including spin diffusion length of the NM,
interface s − d coupling, insulating gap of the FMI, and
the thickness of each layer can all be treated on equal
footing. In particular, we reveal the signature of quan-
tum interference in SMR in NM/FMM bilayer, and dis-
cuss the situation in which it can be observed.
The structure of the article is arranged in the follow-
ing manner. In Sec. II, we detail the quantum tunneling
formalism for the interface spin current in the NM/FMI
bilayer, and how it is adopted into the spin diffusion ap-
proach that describes the NM. Section III generalizes this
recipe to the NM/FMM bilayer, and discuss the observ-
ability of the predicted signature of quantum interference
in SMR. Section IV gives the concluding remark.
2II. NM/FMI BILAYER
A. Interface spin current
We start with the quantum tunneling formalism that
calculates the interface spin current in the NM/FMI bi-
layer, which later serves as the boundary condition for
the spin diffusion equation that determines SMR. The
quantum tunneling formalism describes the NM/FMI bi-
layer shown in Fig. 1 (a) by the Hamiltonian
HN =
p2
2m
− µσx (−lN ≤ x < 0) , (1)
HFI =
p2
2m
+ V0 + ΓS · σ (0 ≤ x ≤ lFI) , (2)
where µσx = ±µx · zˆ/2 is the spin voltage of σ = {↑, ↓}
produced by an in-plane charge current Jcy yˆ, ǫF is the
Fermi energy, V0 − ǫF is the insulating gap, and S =
S(sin θ cosϕ, sin θ sinϕ, cos θ) is the magnetization. We
choose Γ < 0 such that the magnetization has the ten-
dency to align with the conduction electron spin σ. The
wave function near the interface is
ψN = (Ae
ik0↑x +Be−ik0↑x)
(
1
0
)
+ Ce−ik0↓
(
0
1
)
, (3)
ψFI = (De
q+x + Ee−q+x)
(
e−iϕ/2 cos θ2
eiϕ/2 sin θ2
)
+(Feq−x +Ge−q−x)
( −e−iϕ/2 sin θ2
eiϕ/2 cos θ2
)
, (4)
where k0σ =
√
2m(ǫF + µσ0 )/~ and q± =√
2m(V0 ± ΓS − ǫF )/~. The amplitudes B ∼ E
are solved in terms of the incident amplitude A by
matching wave functions and their first derivative at the
interface. The x < −lN and x > lFI regions are assumed
to be vacuum or insulating oxides that correspond to
infinite potentials such that the wave functions vanish
there for simplicity. We identify the incident flux with
|A|2 = NF |µ0|/a3 where NF is the density of states per
a3 with a = 2π/kF = h/
√
2mǫF the Fermi wave length.
The spin current inside the FMI at position x is calcu-
lated from the evanescent wave function
jx =
~
4im
[
ψ∗FIσ(∂xψFI)− (∂xψ∗FI)σψFI
]
. (5)
Angular momentum conservation8,26 dictates that the in-
terface spin current to be equal to the STT exerts on the
magnetization
j0 − jlFI = j0 =
τ
a2
=
ΓSNF
~
[
GrSˆ ×
(
Sˆ × µ0
)
+GiSˆ × µ0
]
, (6)
which defines the field-like Gi and dampling-like Gr spin
mixing conductance that in turn can be calculated from
the interface spin current26
ΓSNF
~
Gr =
2jx0 cosϕ
|µ0| sin 2θ +
2jy0 sinϕ
|µ0| sin 2θ = −
jz0
|µ0| sin2 θ
,
ΓSNF
~
Gi =
jx0 sinϕ
|µ0| sin θ −
jy0 cosϕ
|µ0| sin θ . (7)
A straight forward calculation yields
Gr,i =
−4
a3|γθ|2
(
q+ coth q+lFI − q− coth q−lFI
q2+ − q2−
)
×(Im,Re)
(
n∗↓+n↓−
)
, (8)
where σx,y is x, y component of Pauli matrix, and
nσ± =
k0σ
(k0σ + iq± coth q±lFI)
,
γθ =
n↓+
n↑+
cos2
θ
2
+
n↓−
n↑−
sin2
θ
2
. (9)
Equation (8) describes the spin mixing conductance in
STT, as well as that in spin pumping since the Onsager
relation32 is satisfied in this approach26. Both Gr and
Gi have very weak dependence (at most few percent)
on the angle of magnetization θ through γθ, which may
be considered as higher order contributions26. In the
numerical calculation below we set θ = 0.3π without loss
of generality.
Numerical results of the spin mixing conductance Gr,i
are shown in Fig. 1, plotted as a function the FMI thick-
ness lFI and at different strength of the interface s − d
coupling ΓS/ǫF . Both Gr and Gi increase with lFI ini-
tially and then saturate to a constant as expected, since
they originate from the quantum tunneling of conduction
electrons that only penetrate into the FMI over a very
short distance. At a FMI thickness small compared to
Fermi wave length lFI ≪ a, we found that Gr ∝ l6FI and
Gi ∝ l3FI , therefore the damping-like to field-like ratio
is |Gr/Gi| ≪ 1. In most of the parameter space, the
torque is dominated by field-like component |Gr/Gi| < 1
throughout the whole range of lFI . Only when the mag-
nitude of s − d coupling is large compared to the insu-
lating gap (V0 − ǫF )/ǫF is the torque dominated by the
damping-like component |Gr/Gi| > 1, consistent with
that found previously26 and also in accordance with the
result from first principle calculation23. The magnitude
of Gr,i generally increases with the s − d coupling, yet
more dramatically for Gr. Note that Gr and Gi do not
depend on the NM thickness in this quantum tunneling
approach.
B. SMR
We adopt the spin diffusion approach of Chen et al.22
to address the effect of the interface spin current in
Eq. (6) on SMR, which is briefly summarized below. The
3FIG. 1: (color online) (a) Schematics of the bilayer con-
sists of an NM with thickness lN and an FMI with thickness
lFI . (b) The spin mixing conductance Gr,i versus the FMI
thickness lFI , at different values of interface s − d coupling
strength −ΓS/ǫF . The insulating gap strength is fixed at
(V0 − ǫF )/ǫF = 1.5. The absolute units for Gr,i is e
2/~a2
which is about 1014 ∼ 1015Ω−1m−2 depending on the Fermi
wave length a.
spin diffusion approach is based on the following assump-
tions for the spin transport in the NM: (1) The spin cur-
rent in NM consists of two parts, one from the spatial
gradient of spin voltage and the other the bare spin cur-
rent caused directly by SHE,
jx = − σc
4e2
∂xµx +
θSHσcEy
2e
zˆ , (10)
where θSH is spin Hall angle, σc is the conductivity of
NM, Ey is applied external electric in y direction, and
−e is electron charge. (2) The spin voltage obeys the
spin diffusion equation ∇2µx = µx/λ2, where λ is the
spin diffusion length. (3) Spin current vanishes at the
edge of NM (x = −lN ), which serves as one boundary
condition. (4) The spin current at the NM/FMI interface
is described by Eq. (6), which serves as another boundary
condition. The self-consistent solution satisfying (1)∼(4)
is22
jx · xˆ
jSH
= βx sin θ
[
cos θ cosϕRe
(
G˜
)
+ sinϕ Im
(
G˜
)]
,
jx · yˆ
jSH
= βx sin θ
[
cos θ sinϕRe
(
G˜
)− cosϕ Im (G˜)],
jx · zˆ
jSH
= 1− cosh(
2x+lN
2λ )
cosh( lN2λ )
− βx sin2 θRe
(
G˜
)
, (11)
where
βx =
sinh(x+lNλ )
sinh( lNλ )
tanh(
lN
2λ
) ,
G˜ =
αGc
1− αGc coth( lNλ )
,
α =
4ΓSNF e
2λ
~σc
, (12)
and jSH = θSHσcEy/2e is the bare spin current. Here
α < 0 is a negative parameter (because we assume the
interface s−d coupling Γ < 0) that bridges our tunneling
formalism to the spin diffusion equation, and Gc = Gr +
iGi is the complex spin mixing conductance.
Through ISHE, the spin currents in Eq. (11) is con-
verted back to a charge current in the longitudinal (along
yˆ) and transverse (along zˆ) direction
∆jclong(x) = −2eθSH
(
jx − θSHσcEy
2e
zˆ
)
· zˆ, (13)
∆jctrans(x) = 2eθSH
(
jx − θSHσcEy
2e
zˆ
)
· yˆ. (14)
The conductivity averaged over the NM layer then follows
σlong = σ +
1
lNEy
∫ 0
−lN
dx∆jclong(x), (15)
σtrans =
1
lNEy
∫ 0
−lN
dx∆jctrans(x). (16)
Using θ2SH ∼ 0.01 ≪ 1, the longitudinal and transverse
component of SMR read
ρlong = σ
−1
long ≈ ρ+∆ρ0 + sin2 θ ∆ρ1,
ρtrans = −σtrans/σ2long
≈ cos θ sin θ sinϕ∆ρ1 − sin θ cosϕ∆ρ2, (17)
where
∆ρ0/ρ = −θ2SH
2λ
lN
tanh
(
lN
2λ
)
,
∆ρ1/ρ = −θ2SH
λ
lN
tanh2
(
lN
2λ
)
Re
(
G˜
)
,
∆ρ2/ρ = θ
2
SH
λ
lN
tanh2
(
lN
2λ
)
Im
(
G˜
)
. (18)
Clearly the FMI thickness lFI affects ∆ρ1 and ∆ρ2 only
through G˜ = G˜(lFI).
To perform numerical calculation of Eq. (18), we make
the following assumption on the parameter α in Eq. (12)
that connects the quantum tunneling formalism with the
spin diffusion equation. Firstly, α contains the density
of state per a3 at the Fermi surface, which is assumed to
be the inverse of Fermi energy NF = 1/ǫF . The com-
bined parameter ΓSNF = ΓS/ǫF therefore represents
the strength of s − d coupling. Other parameters that
influence α are the spin diffusion length assumed to be
λ ≈ 10nm, the conductivity of the NM film taken to be
σc ≈ 5× 106Ω−1m−1, and Fermi wave length assumed to
be roughly equal to the lattice constant a ≈ 0.4nm, all of
which are the typical values for commonly used materials
such as Pt. These lead to the dimensionless parameter
αGc ≈ 10 × (ΓS/ǫF ) ×
(
Gc/(e
2/~a2)
)
in Eq. (12) be-
ing expressed in terms of the relative strength of s − d
coupling and the spin mixing conductance divided by its
unit. In what follows, we examine the effect of FMI thick-
ness, NM thickness, insulating gap, and interface s − d
coupling on SMR. On the contrary, the spin Hall angle,
4FIG. 2: (color online) The longitudinal ∆ρ1/ρ and transverse −∆ρ2/ρ component of SMR in the NM/FMI bilayer, plotted
against the FMI thickness in units of Fermi wave length lFI/a and NM thickness in units of the spin diffusion length lN/λ,
at various strength of s − d coupling −ΓS/ǫF and the insulating gap (V0 − ǫF )/ǫF . Note that the color scale of each plot is
different.
spin diffusion length, and conductivity are treated as con-
stants, although in reality they may also depend on the
layer thickness or on each other in such thin films33.
The numerical result of SMR is shown in Fig. 2, plotted
as a function of the FMI thickness lFI and NM thickness
lN at several values of insulating gap (V0 − ǫF )/ǫF and
s − d coupling ΓS/ǫF . As a function of the FMI thick-
ness lFI , both the longitudinal ∆ρ1/ρ and the transverse
∆ρ2/ρ component initially increase and then saturate at
around lFI/a ∼ 2, which is expected since conduction
electrons only tunnel into the FMI over a short depth,
so the interface spin current saturates once the FMI is
thicker than this tunneling depth. The insulating gap
(V0−ǫF )/ǫF obviously affects the tunneling depth, and is
particularly influential on the magnitude of longitudinal
∆ρ1/ρ, as can be seen by comparing plots with different
(V0 − ǫF )/ǫF in Fig. 2. The magnitude of ∆ρ1/ρ also
generally increases with the s− d coupling ΓS/ǫF , while
the transverse component ∆ρ2/ρ at large ΓS/ǫF displays
a nonmonotonic dependence on the FMI thickness. On
the other hand, as a function of NM thickness lN , both
SMR components increase and peak at around lN/λ ∼ 1
and then decrease monotonically for large lN . This can
be understood because both ∆ρ1 and ∆ρ2 are interface
effects that become less significant compared to bulk re-
sistivity ρ when NM thickness increases, and the spin
voltage is known to be maximal when the NM thickness
is comparable to the spin diffusion length25 lN/λ ∼ 1.
III. NM/FMM BILAYER
A. Interface spin current and SMR
We proceed to address the SMR in the NM/FMM bi-
layer, with the assumption that the FMM film is much
thinner than its spin diffusion length lFM ≪ λ such that
quantum tunneling is the dominant mechanism for spin
transport in the FMM, while the spin diffusion inside the
FMM can be ignored. The calculation of the spin cur-
rent at the NM/FMM interface starts with the model
schematically shown in Fig. 3 (a). The NM and FMM
occupy −lN ≤ x < 0 and 0 ≤ x ≤ lFM , respectively. The
NM region is described by Eqs. (1) and (3), while the
FMM layer is described by HFM = p
2/2m+ ΓS · σ and
5FIG. 3: (color online) (a) Schematics of an NM/FMM bi-
layer with finite thickness. (b) The ratio of spin mixing con-
ductance (c) Gr and (d) −Gi in this system, plotted against
the thickness lFM of the FMM and s − d coupling −ΓS/ǫF ,
in units of e2~/a2 where a is the Fermi wave length.
the wave function
ψFM = (De
ik+x + F−ik+x)
(
e−iϕ/2 cos θ2
eiϕ/2 sin θ2
)
+(Eeik−x +Ge−ik−x)
( −e−iϕ/2 sin θ2
eiϕ/2 cos θ2
)
, (19)
where k± =
√
2m(ǫF ∓ ΓS)/~. The wave functions out-
side of the bilayer in x > lFM and x < −lN are as-
sumed to vanish for simplicity. The coefficients A ∼ I
are again determined by matching wave functions and
their first derivative at the interface. The interface spin
current and the spin mixing conductance are calculated
from Eqs. (5) to (7), with replacing ψFI to ψFM and lFI
to lFM , resulting in
Gr,i =
1
a3|γ′θ|2
(Im,Re)
[
Z∗↓−+Z↓++
×
(
u+− − u++ − u−− + u−+
)]
, (20)
where
uαβ = i
ei(αk++βk−)lFM
αk+ + βk−
, Wσαβ =
k0σ + βkα
2k0σ
,
Zσαβ = Wσαβe
−ikαlFM −WσαβeikαlFM ,
γ′θ = Z↑++Z↓−+ cos
2 θ
2
+ Z↓++Z↑−+ sin
2 θ
2
, (21)
with β = −β. Apart from a change in magnitude, the
pattern of the spin mixing conductance as a function of
s − d coupling and the FMM thickness shown in Fig. 3
is almost indistinguishable from that reported in Fig. 2
of Ref. 26, which shows clear signals of quantum inter-
ference with respect to both s − d coupling and FMM
thickness. This similarity is expected, since the only dif-
ference between the formalism here and in Ref. 26 is the
insulating gap V0 − ǫF of the substrate or vacuum in the
x > lFM region in Fig. 3 (a), which is assumed to be
infinite here for simplicity but finite in Ref. 26. The in-
sulating gap is spin degenerate and essentially does not
influence the spin transport.
FIG. 4: (color online) The longitudinal ∆ρ1/ρ and transverse
∆ρ2/ρ component of SMR in the NM/FMM bilayer, plotted
against the FMM thickness in units of Fermi wave length
lFM/a and NM thickness in units of the spin diffusion length
lN/λ, at various strength of s− d coupling −ΓS/ǫF .
6To get SMR, we use Eq. (17) ∼ (18) while taking the
Gc = Gr+iGi obtained from Eq. (20). The results for the
longitudinal ∆ρ1/ρ and transverse ∆ρ2/ρ component of
SMR as functions of FMM thickness lFM and NM thick-
ness lN are shown in Fig. 4, for several values of s − d
coupling ΓS/ǫF . As a function of NM thickness, both
components reach a maximal at around the spin diffu-
sion length lN/λ ∼ 1 and then decrease monotonically,
similar to that reported in Fig. 2 for NM/FMI bilayer and
is due to the spin diffusion effect explained in Sec. II B.
On the other hand, as a function of FMM thickness, both
components show clear modulations with an average pe-
riodicity that decreases with increasing s− d coupling, a
trend similar to that of Gr and Gi shown in Fig. 3 and is
attributed to the quantum interference of spin transport.
Intuitively, a larger s−d coupling renders a faster preces-
sion of conduction electron spin when it travels inside the
FMM, hence more modulations appear for a given FMM
thickness. The transverse component of SMR is found
to be generally one order of magnitude smaller than the
longitudinal component.
B. To observe the predicted oscillation in SMR
The experimental detection of the oscillation of SMR
with respect to FMM thickness lFM shown in Fig. 4
would be a direct proof of our approach. In a typical
NM/FMI set up, however, there are other sources that
contribute to the total resistance measured in experi-
ments, therefore it is important to investigate whether
there is a situation in which the predicted oscillation of
SMR can manifest. To explore this possibility, we use
a three-resistor model to characterize the total longitu-
dinal resistance14, which contains the resistor that rep-
resents the NM layer (N), the FMM layer (F ), and the
interface layer (I) connected in parallel, each denoted by
Ri = R
0
i + δRi with i = {N, I, F}. Here R0i is the contri-
bution to the longitudinal resistance in layer i that does
not depend on the angle of the magnetization, and δRi
is the part that depends on the angle which is generally
much smaller δRi ≪ R0i . Expanding the total longitudi-
nal resistance to leading order in δRi yields
Rtot ≈ R0tot +
(
R0IR
0
F
B
)2
δRN
+
(
R0NR
0
F
B
)2
δRI +
(
R0NR
0
I
B
)2
δRF ,
R0tot =
R0NR
0
IR
0
F
B
,
B = R0NR
0
I +R
0
IR
0
F +R
0
NR
0
F . (22)
Each resistance is assumed to satisfy the usual relation to
the sample size
{
R0i , δRi
}
=
{
ρ0i , δρi
}× L/li h, where L
and h are the length and the width of the sample, respec-
tively, ρ0i and δρi are the corresponding resistivity, and li
is the thickness of layer i. The thickness of the interface
lI is assumed to be intrinsically constant, in contrast to
lN and lF that can be varied experimentally
14. The per-
centage change of the total resistance due to the angle of
the magnetization is
Rtot −R0tot
R0tot
≈
(
ρ0Iρ
0
F
lI lFC
)
δρN
ρ0N
+
(
ρ0Nρ
0
F
lN lFC
)
δρI
ρ0I
+
(
ρ0Nρ
0
I
lN lIC
)
δρF
ρ0F
,
C =
ρ0Nρ
0
I
lN lI
+
ρ0Nρ
0
F
lN lF
+
ρ0F ρ
0
I
lF lI
. (23)
Note that the ρ0i ρ
0
j/liljC factors are monotonic functions
of the layer thickness {lN , lI , lF }, and are independent
from the angle of the magnetization.
The contribution to the angular dependent part of RF
comes from the anisotropic magnetoresistance (AMR)
which takes the form34,35 δρF ∝ (jc · mˆ)2 ∝ (my)2
since the in-plane charge current jc runs along yˆ as
shown in Fig. 3 (a), and we denote mˆ = S/S =
(sin θ cosϕ, sin θ sinϕ, cos θ) as the unit vector along the
direction of the magnetization. In addition, Zhang et
al.
35 showed that the interface resistance has a quadratic
dependence on both my and mz, a result of surface spin-
orbit scattering. On the other hand, the SMR in the
NM has the angular dependence22 described by Eq. (17).
These considerations lead to the parametrization of re-
sistivity by
ρ0F + δρF = ρ
0
F +∆ρ
b
F (m
y)2 ,
ρ0I + δρI = ρ
0
I +∆ρ
s
I,y(m
y)2 +∆ρsI,z(m
z)2 ,
ρ0N + δρN = (ρ+∆ρ0) + ∆ρ1
[
(mx)2 + (my)2
]
.
(24)
Combinig this with Eq. (23) motivates us to propose the
following experiment that should isolate the effect of lon-
gitudinal SMR represented by δρN . From Eq. (24), we
see that δρF and δρI vanish if the magnetization does not
have an in-plane component, i.e., my = mz = 0, while
δρN remains finite as long as the out-of-plane component
is nonzero mx 6= 0. Thus we propose to fix the magne-
tization of the FMM film to be out-of-plane mx 6= 0,
in which case the percentage change of total longitudinal
resistance as a function of FMM thickness takes the form
Rtot −R0tot
R0tot
≈ l1
lF + l1 + l2
× ∆ρ1
ρ+∆ρ0
(mx)2 ,
(for my = mz = 0) (25)
where ρ, ∆ρ0, and ∆ρ1 are those in Eqs. (17) and (18),
l1 = lNρ
0
F /ρ
0
N and l2 = lIρ
0
F /ρ
0
I are two length scales
that can be treated as fitting parameters in experiments.
Equation (25) indicates that, for the case of only out-
of-plane magnetization, the percentage change of magne-
toresistance decays with the FMM thickness lF due to
the l1/(lF + l1+ l2) factor, but also oscillates with lF due
to the ∆ρ1/(ρ + ∆ρ0) ≈ ∆ρ1/ρ factor as quantified in
7Eq. (18) and shown in Fig. 4. Thus varying FMM thick-
ness while keeping its magnetization out-of-plane may
be a proper set up to observe the predicted oscillation of
longitudinal SMR, provided the FMM thickness remains
thinner than its spin relaxation length lF ≪ λ. Finally,
we remark that the convention of labeling coordinate in
SMR or STT experiments is that the charge current is
defined to be along xˆ and the direction normal to the
film is along zˆ. Therefore the coordinate in our tun-
neling formalism (x, y, z) corresponds to (z, x, y) in the
experimental convention.
IV. CONCLUSION
In summary, the quantum tunneling formalism for the
interface spin current is incorporated into the spin diffu-
sion approach to study the effect of various material prop-
erties on SMR, in particular the effect of layer thickness,
insulating gap, and interface s− d coupling. The advan-
tage of combining the quantum and diffusive approach
is that the effects of all these material properties can be
treated on equal footing. For the NM/FMI case, we re-
veal an SMR that saturates at large FMI thickness since
the conduction electrons only tunnels into the FMI over
a short distance, whereas the longitudinal and transverse
SMR display different dependence on the insulating gap
and interface s− d coupling. For the NM/FMM case, we
predict that SMR may display a pattern of oscillation as
increasing FMM thickness due to quantum interference,
and propose an experiment to observe it by using fixed
out-of-plane magnetization to isolate SMR from other
contributions. We anticipate that our minimal model
that combines the quantum and diffusive approach may
be used to guide the search for suitable materials that op-
timize the SMR, and help to predict novel spin transport
effects in ultrathin heterostructures in which quantum
effects shall not be overlooked.
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